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Balance Equations for Micromorphic Materials
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The balance laws for micromorphic continua of degree ! are derived by means
of classical statistical mechanics. The equations derived by Eringen er al
[Continuum Physics, Vol. IV (Academic, New York, 1976)] are obtained in a
slightly generalized form. Explicit expressions for the stress, the couple stress, the
spin production, and the heat flux are given in terms of microscopical variables.
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1. INTRODUCTION

In this paper we consider materials which are composed of deformable
molecules. Such materials are called micromorphic. Their theory was devel-
oped about 15 years ago using arguments of phenomenological thermody-
namics (cf. Eringen(!). For the special case of a micromorphic continuum
of degree 1 the following quantities are used to define the macroscopical
state of the continuum: the mass density p, the field of microinertia pi, the
local momentum pyp, the (generalized) spin density po, and the internal
energy p. po is called generalized spin, because its antisymmetrical part
gives the internal angular momentum of the microcontinua that build up
the material, and its symmetrical part gives information about the deforma-
tion of the microcontinua.

For these fields the following balance laws were derived (cf. Erin-
genM):

Do+ V(o) =0 (1.1
D1y + V- (v®piy=pi-z+op(i-n) (12)
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Lo +v-v@pv—p)=1 (1.3)

—%(pg)+v-(v®pg_+ﬂ)=z~pi-v +t-s5+1 (1.4)

Kl 2 L
ot (pE) + Ix™ (Ump€ + qm) tkl axk +lu'mki Ix™

T (S — b)) T h (1.5)

In these equations we used the following notation: y is the generalized
angular velocity or gyration tensor, ¢ is the stress tensor, f are body forces
due to external fields, p is the generalized coupled stress, s =s’ is the
microstress average, [ are body couples due to external fields, q is the heat
flux, and 4 is the heat supply due to external fields.? It is the purpose of this
paper to give an interpretation of all these quantities in terms of microscop-
ical variables. Moreover we want to derive Egs. (1.1)~(1.5) from a kinetic
model of a micromorphic material and to find representations for the fluxes
t, u, and q and for the microstress average s.

2. THE MODEL

In what follows we will use the kinetic model introduced in Ref. 2. We
consider a system of n molecules, each composed of » particles with the
masses m“. The state of molecule &k is given by the positions R* and the
velocities V** of the subparticles « = 1, . . ., ». Equivalently we may choose
the center of mass R, its velocity V¥, and 2(» — 1) internal coordinates,
.8

Rf:=R-R" 93 .1
Vka sz Vkot — Vkl
Then, using the denotations R*':=R* and V*':=V* a molecule is de-
scribed by the set of variables

XFEi= (@R L RVEL VY

Moreover we introduce the distances and the relative velocities between
particles and center of mass, i.e.,

Arke = Rke — R¥
k (i ke (2'2)
Ay = V& - ¥
2 4 corresponds to the momentum — ¢ of the microstress in Ref. I; the symmeiric s
corresponds to the microstress average ¢ introduced in Ref. I; in (1.5) the intrinsic surface
energy is omitted.
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The total mass of a molecule is denoted by m. We assume three kinds of
forces to act on a particle:
ka

1. f%: mutual force between the particles a and B of two different
molecules £ and /.

2. f%: mutual force between the particles a and B of the same
molecule k.

3. f**:  force on particle (k, ) due to external fields.

ka
The forces f’ﬁ and f are assumed to have potentials % and #%. We

denote the total force acting on particle (k,a) by

n v ko
Fre = 2 PR 2 6 + fr (2.3)
=1a fB=1 B=1

We define the potential energy of a particle by ascribing half of the energy
of a pair to each of the interacting partners by

14 ka 14
(}: S ubt S aké‘) 2.4)
=1 g=1 B=1
For the n-molecule distribution function of our system
FOUX', ..., X"0)

Liouville’s equation holds:

D4 S S (Phe. a4 Lpka.yo ) [poo =
at+§ g(v o Vva)}F 0 (2.5)

In this equation the arguments X * of F(" aré regarded as functions of the
variables R** and V*=,

Thus far the distribution function F( is restricted only by the
condition of nonnegativity and integrability. It describes an ensemble of
systems rather than a single system. In order to utilize the formalism for a
derivation of the balance equations of continuum mechanics one has to
impose further conditions on F(?. Therefore in what follows we assume
that " is macroscopically dispersionless. This implies that the mean
value of a macroscopical observable 4, i.e.,

(A =fAF<"> dx'...dx" (2.6)

is identical with the value of 4 measured at any single system of the
ensemble described by F. Hence for appropriately chosen observables A
we may identify (4) with the quantities entering the balance equations of
continuum physics. The balance equations themselves are given by the
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equations of motion for the mean values {4, i.e.,
By (S (Ve ye. + L pa. g,
L (4> <k§=jl El (V Viee + = F vvka)A> (2.7)

which are derived easily from Liouville’s equations.

3. THE MACROSCOPICAL FIELDS

In this section we introduce in our model those quantities which
correspond to the fields of the phenomenological theory briefly discussed in
Section 1. To this end we use as a guide the fact that the microcontinua
introduced by Eringen ef al.!” correspond to the molecules of our model.

As usual we define the density of mass and the linear momentum by

p=< z m&(Rk—x)> (3.1
k=1
and
pv = < > mV(RF — x)\ (3.2)
k=1 /
respectively. The microinertia pi is given by
n v \
pi= < > ( > m*Are ®Ar"“)8(R"— x)) (3.3)
k=1\a=1
The generalized spin pg is defined by
po= < > ( > m“Ark“®Avk“)8(Rk—x)> (3.4)
k=1\a=1

so that its antisymmetric part gives the internal angular momentum of the
material, while its symmetric part gives information about the deformation
of the molecules.

In what follows we assume that the intramolecular forces are such that
the molecules do not degenerate to dumbbells. Consequently the matrix of
the components of the tensor { is nonsingular. Hence we may introduce the
so-called gyration tensor » by

a'=ri (3.5)

On a microscopic level the gyration tensor » can be introduced as follows.
Instead of using the velocities V¥ of all subparticles of a molecule we may
use “collective” variables ¥, ¥, etc. such that

VEe = vE 4 pk. Arke 4 55 A @ Arke - (3.6)
holds. If the molecule is a rigid body, the right-hand side will stop after the
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second term and »* will be the antisymmetric angular velocity of the
molecule. But in general * is not antisymmetric for a deformable molecule,
and terms of higher order are needed. In this paper we want to consider
materials for which the tensor »* is the only collective variable, i.e., for
which the relation

Avke = 5. Arke (3.7)
holds. Such materials are called micromorphic of degree 1. If 7* is antisym-
metric, i.e., if it describes a rigid rotation, the material is called polar. To
simplify further calculations we introduce the additional assumption that
there is no chaos among the molecules concerning their rotation and
deformation, i.e., that the generalized angular velocities 7 of the molecules
form a macroscopically smooth field p(x; £):>

7= p(R*; 1) (3.8)

This assumption can be incorporated into the theory by using the distribu-
tion function F® of the special form

FOYX', o, Xmny=F - T 8(AvF — »(R¥)- Ar?)  (3.9)

k=1...n
a=1...»

where F is a function of the positions of the particles and of the
velocities of the centers of mass. Thus the tensor field » is used to describe
the internal state of the medium. The assumption is physically motivated,
i.e., when considering liquid crystals where macroscopic areas with well
oriented molecules exist. The most general equations of balance for
micromorphic materials of degree 1 are stated without proof in Appen-
dix B.
We now define the internal energy pe by

pe = < > l:%m(Vk——v)2+ > U’“"}B(Rk—x)> (3.10)
k=1 a=1
This quantity is invariant under Euclidean transformation
x*=0(1) [x—xy(t)], 07 '=0" (3.11)
of the frame and the following equation holds:

pe+Lpv-v+Ly:(pi-r")

= < > ( %ma\"kﬂ-\‘lkd + Uke )6(R"—x)> (3.12)
k=1\a=1

3 This does not essentially restrict the theory; we only avoid the appearance of certain flux
terms in the balance laws of Section 4. Moreover, this assumption is physically motivated,
e.g., when considering liquid crystals, where macroscopical areas with well-oriented mole-
cules exist.
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Hence we obtain the total energy by adding the internal energy pe, the
kinetic energy 1pv - v of the macroscopical motion, and the rotational part
1v:(pi-»") of the energy. Thus definition (3.10) is motivated.

4. THE BALANCE LAWS

After having defined the macroscopical fields p, v, i, 0, and ¢, we will
use Eq. (2.7) to derive the balance laws for those quantities given by

(L.D-(1.5).
4.1. Balance of Mass

With
n
A= 2 mS(Rl - X)
=1
(2.7) yields
LI < S 3 mie. v,;ka[ S ms(R! — x)D
K=la= i=1
= < S mVE - Va8 (RE - x)>
k=1
= -V, < > mV"B(Rk—x)> (4.1)
k=1
So the well-known equation of continuity
Lo+, (m=0 (4.2)

holds.
4.2. Balance of Microinertia
With

I=1

§": ( i mP Ar'f ®Arw)6(R’—x)

[
-
i M:
—

mPRP @ R?) — mR' @R |§(R' — x
e 1( ) ( )
and (2.7) we obtain

%(pi)=< >3 (\"k“-v,;ka)[ 2( > mPRY @ R® — mR’®R’)
k=1a=1 =1

X 8(R' ~ x)D 4.3)
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Since

SV Ve = S VR Vi (4.4)
a=1

a=1

holds, where R** and V** are the variables defined by (2.1), we get

%(pg) = —Vx-[< é \A ®(élm“m’“‘ ®Ar’“‘)6(Rk ~x)>}

2 S meRk @ Ve — mRk®V")6(R"—x)>
k=1 a=1

-+

k=1\a=1

By denoting

nM:

+ < 2 2 maVke @ Rk — vk ®Rk)8(R" - x)> (4.5)

(V" - v) 2 m*Ar* ® Ar’“‘)S(Rk —~ x)> (4.6)
a=1
we obtain

D (pi)+ ¥, (v®@pit D)

= < S ( ST me Arke ®Av’“’)8(R" — x)>

k=1\a=1
+ < é ( i m® Avke ®Ark°‘)8(Rk~x)> =pa+po’ 4.7)
k=1\a=1

Compared to Eq. (1.2) we now have found an additional flux of micro-
inertia P¢. This kinetic flux does not appear in the theory of Eringen et
al.,'V because that theory implies that the velocities of the microcontinua
give a smooth macroscopical field. If we presume a well-ordered motion of
the molecules according to

VA =vy(RY 1) (4.8)
we will find
n

0 (4.9)

4.3. Balance of Momentum
With

A= mV§R —x)
=1
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and (2.7) we obtain (cf. Ref. 2)

d _ /< k
2 (V) = <k21 mVE(VE - V) 8(RF ~ x)>

+ < > ( > F"“)S(Rk - x)> (4.10)
k=1\a=1
This can be written in the following form:

pv®v + < 2 m(V"—v)@(V’f—v)a(R"—x)H

L)+,

n v ka n v

- < S S SR - x)> 4 < S 3 ey (RE —x)> @11
ki=1a,8=1 k=1a=1

because the intramolecular forces zaﬁfkﬁ vanish. The external forces are

denoted by f:

k=1\a=1

f:=< > ( > f"‘“)S(Rk—x)> (4.12)
ka

The average over the intermolecular forces f# can be transformed into the
divergence of a tensor field by resummation and use of formula (A.2) of the

Appendix:
n v ka n v
(2, 3 mw-n)=( 35 3
B=

ki=1aB=1 ki=1a,

i S8R —x) - 6(R’—x)]>

-ve (40 S wewe( 3 %)

k=1 a,B=1
X8R — x ~ {R* ~ R))] > dé}

(4.13)
Thus using the abbreviations

n

Lkin:= __< 2 m(Vk—-v)®(Vk—v)8(Rk—X)> (4.14)

14

- 1 1]z ka k k I
rim 3 [ (Gt xme -

a.B

(4.15)
we get the balance of momentum

Kai (V) + V- (ov®v — £ — ) =1 (4.16)
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So we have derived Eq. (1.3) and have obtained a representation of the
stress tensor in terms of microscopical variables.

4.4. Balance of Generalized Spin
With

IIM‘

mP APE ® Av’B)S(R’ ~x)

é(

mﬁﬁ’ﬁ QVE — mRIQV!|§(R — x 4.17
2 ( ) (4.17)

and with the relatlons

a 1 ka . / o= __1_ ko
(g——m vkﬂ) m(EF )Id
we obtain from (2.7)

%(pg) = -V, < S vk®( d m”‘Ar"“@Avk")S(R"—x)>

1 a=1

M <
<

—

ke, Véka)Rl = Vkak/
(4.18)

k=
+ < D ( S mevke @ VEe — ka®Vk)8(Rk —x)>
k=1\a=1

RE@F“ —RF@ S F’“")6(R" - x)> (4.19)
a=1]

o=

|v®pa+ i(V"-—v)@ im“Ar"“@Avk“ S(R* —x
( )

m* Avke ®Avk";)6(Rk - x)>

AT ® Fk")b‘(Rk - x)> (4.20)

(VE—v) ®( 2 m® Ar* ®Av""‘)8(R" - x)> (4.21)

a=1
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as the kinetic part of the spin flux. Assuming
AvFe = p(RY, 1) - Are (4.22)
we see that

=" (4.23)

holds. Moreover we find
<2 ( > m“Avk"®Avk")8(R"—x)> =v-pi-p (4.24)
k=1\a=1
Splitting up the forces F** we obtain from (4.20)

_E)a—t (po) + Vy(v®pa+ p)

k=1a,8=1
+ <ké1 il Ar @ freg (R* ~ x)> (4.25)

The external (generalized) couples are denoted by 1
1:= < kil él A @ f8 (R* — x)> (4.26)

Now we rewrite the momentum of the intermolecular forces:

< §n] 2 Ark“®f1’{;6(Rk—x)>

ki=1a,8=1

222

J=1a, 1

Ark® ®f1’7;[6(Rk ~-x) - 8(R' - x)]>

+< 2 2 Ark“®fl;§[8(Rk—x)+6(R’—x)]>}

ki=1a,B8=1

=%{< i 2 Ar"“@fl;g[S(R"—x)—8(R”-x)}>
ki=1aB=1

14

+ < zn: > (A - Arf) ® f/’(gS(R[ - x)> } (4.27)
ki=1a,

B=1

I
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With the formulas

S(RF —x) — SR/ —x) = -V, -fO‘(Rk ~ R)8[R* — x — §R* — R') ] dt
SR —x) =V, .folg(Rk ~ R)S[R - x — §R* — R')] s

1
+ | 8[R¥ —x — R — R | dé
Kl (R*—RY)]
which are derived in the Appendix we obtain

< é 2 Ark“®fl;gé(Rk—x)>

k=1 a,8=1

a, 1

=_%v"fol<k2 (R* — R1)®{ [Ar"”‘(l—g)+ArIB£]®flﬂ}

=1

>
B=
X8R~ x — §R“—R') ] > d¢

2[ <k2 > (R — ﬁfﬁ)®flﬁa[Rk»x—g(Rk—Rf)}>dg

la,f=1

n v ko '
-1 ‘< S| R1)®f’58[R"—x—&(Rk—Rl)]>d£
2 Jo ki=1ap=1
(4.28)

The first term on the right-hand side of this equation is a generalized spin
flux due to the intermolecular forces:

int . 1 1 n v . ka
M .—Efo<kJ§=jl(Rk—R’)®( > [arf (1—5)+Arfﬂg]®ffﬂ]

- a,B=1

X 8[R* — x — §(R* - Rl)]> d¢

f01< » (R"—R’)®( » Ar"“@f]’(g)(l—g)
Py

k=1
X 5[R* — x — §(R* — R')] > dé (4.29)

The last identity can be derived by using the integral transformation
£—>1 — £ together with the exchange of the summation indices (k,a)<>
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(/, B) and taking into account
ko B

1= —fk (4.30)

This representation of the spin flux is a generalized form of formula (2.23)
in Ref. 2, where the antisymmetric part of (4.29) gives the flux of the proper
spin. The last term on the right-hand side of (4.28) is the interaction part £™
of the stress tensor. Collecting all terms we find the following balance of
generalized spin:

%(PQ_) + Vx' (V®pg_+ ﬂkin +ﬂim)

—11_ Llnl l
% <[§=] /32= ﬁfﬁ)®f1§5[Rk—x—g(Rk—R’)}>d5
< > 2 (A ® {4 )6(Rk—x)> (4.31)
k=1a,8=1

The last two terms are represented by introducing the tensor s:

n 7 ka
si=-1 1< > 3 (lik“—li’ﬁ)®f156[k"—x—g(Rk——R’)]>dg
2 Jo kd=1a,8=1

- < Z ( 2 Ark® ®f’<ﬂ")a(Rk—x)> (4.32)

k=1\aB=1
s 1s a symmetric tensor, because the antisymmetric parts of
v 8
> (R~ R¥) ®f’ﬁ = 2 Rk"®f’ﬁ + 2 R @ g
a,B=1 a,f=1 a,B=1
and
Y & y A ol
> AR = S RE®TY
af=1 a,f=1
give the vanishing total momenta of forces between two molecules and
within a molecule, respectively. So we find

a%(pg)+vx (v®po+ ,u,km+ umt)

=vopi-r + M5+l (4.33)

This verifies (1.4) if we take into account that with assumption (4.8) (which
is implied in Ref. 1) the kinetic stress /" vanishes so that 7™ is the total

stress tensor.
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4.5. Balance of Energy

With
A= | Fmvi-v)+ 2 U8R - x)
I=1 B=
n B
-z Fm(V =) SR = x) + O Lum SR~ x)
/= Lm=1 B,y=1
+> > Llatsmi-x (434)
I=IBJ=12

and (2.7) we obtain

14

ga;(pe)=< é é[ m(V' —v) + 2= U’B}( > Vk“-v,;kas(R’—x))>

k=11=1
n L n » 1 1743
e (zvka.vﬁku)( S o3 Lym
k=1|\a=1 Lol ot 2
+3 S %av"”a(kl—x)>
=1 By=1
+( S S Lpe vl S Inw-v s -x
k=la=1 M =12
=i A+B+C (4.35)

The first term on the right-hand side can be written as

< S Bm(vk —v + él Uka}[~vk -V, 8(R" —x)]>

[

A

]

-V, [< S vk[%m(vk—v)2+ > U"“}S(R"—x)”
k=1 a=1

(S Ve Smev e - w)

=~V (voe + ") + 1" (V@) (4.36)

In this equation the kinetic heat flux ¢“ is defined by

q" = < > (V"—v){ m(VE —v)" + 2 U’“’]ﬁ(Rk—x)> (4.37)
k=
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Taking into account the relations

V ecthny = —™8,,8,5 — 18,8

oy

ka ka

Vil = —§8,,8,, — §48,,8 (*3%)
Rl = k10aB et Qary

we write the second term on the right-hand side of (4.35) in the following
form:

n v kot
B=—%< > (Vk“—vfﬁ)-ffﬁa(kk—x)>
ki=1a,8=1
s s
2\ 42

< > > (AvF - AV - (R - x)> (4.39)
k a,B=

—
—_

The last term C yields

C= <él (VF—v)- (él F"“)b‘(R" - x)>

Vk-flga(Rk—x)>—v-< 2 > f’ZS(Rk—x)>

ki=1a,8=1

)
+ < > (VE—v)- ( 2 f"“)S(R" - x)> (4.40)

a=1

The last term is the heat supply # due to external forces

h :=< > (Vk—v)-(é fk“)B(Rk——x)> (441)
k=1 a=1

The average over the intermolecular forces f# can be written as divergence
of the stress tensor ™. So we get

n v ka .
c=< >0 V"-f’BS(R"—x)>—v-(Vx-L’m)+h (4.42)
ki=1a,8=1

Adding B and C we find
n v ka
B+C=< > > l(vk+V’)-f’Ba(Rk—x)>
ko1 af=1 2
n v ko

- < > 0> l(Avk"‘——Avl‘g)-wa(R”‘—}i{)>
ki=1 2

- < > > %(AV"“—AV’%-W&(R"-—X))

—v (Ve £™) +h (4.43)
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With the assumption (3.8), i.e.,

AvF = p - Ark®
B + C can be written in the following form:
n % ka
B+C={ S 3 Lk yry phsmrE-x)
Kol afm1 2

ka
Ar ®@ P §(R* - x)>

>
B=

=1a, 1

n

_£:< s
k1
n

—y:<z 2 Ark“®fk/§'6(Rk-x)>—v-(Vx-f“t)+h (4.44)

k=1a,8=1
From the balance of spin we see that

< é é Ark"‘®f1’c;6(Rk——x)>+<§ i
A=

ArFe @ f4i8 (RF — x)>
kil=1a,B=1 k=1a,

1
= -V, g+ (445)
holds. Consequently we have

n v ka
B+ c=< > S %(Vk“+V’B)-f’BS(Rk—x)>
ki=1ap8=1

+p :(Vx .ﬂim) +p :(i_ £int)

— v (Vo ™)+ h (4.46)

The first term on the right-hand side of (4.46) can be transformed by
resummation:

n v ka
< DR l(Vk“+V’B)f’ﬁa(Rk—x)>
ko1 aber 2

il

< OIS V’“‘-f’ﬁ%—[8(Rk—x)-—8(R’—x)]>

ki=1a,f=1

_Vx,_é_j(;1< Z 2 (Rk R’ (Vk+Avka)

ki=1af=1

ka

P8 RF —x — {R* — R))] > dé  (447)

Collecting all terms we obtain the balance of energy (written in components
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in a Cartesian frame):
d d i i i
37 () 2% (e + g+ 1 = i)

n v ko
d (1! k _ RiN ka8
+—axi(2f()<z > (RE=R)Vl

ki=1a,f=1

x 8[R* — x — §RF — R’)]> dé¢

0o, Oy,
_ ki int J int kj in
—(tlj'n+ti/' )axi—‘u’ijr;‘ Ix! +V"j(sji_tj"'[)+h (4'48)

Adding the last three terms on the left-hand side of this equation we define
the interaction part of the heat flux by

q" = %fl< i (R* - R }V] [Vk—v+Avk"‘(2§-— 1)} .fll(g
0 \ki=t1 af=1
'S[Rk—x‘ﬁ(R"—R’)}>d£ (4.49)
Thus we obtain
= (4" + 4" gj‘, - M}?f% (s — 4+ h (4.50)

This is Eq. (1.5) if one takes into account that in Ref. 1 no kinetic fluxes
appear because (4.8) is implied there.

5. SUMMARY

With the help of a kinetic model of a micromorphic material the
balance laws of such a medium have been derived. The well-known
equations (1.1)-(1.5) are verified for a medium of degree 1, taking into
account kinetic fluxes which have been neglected in former papers about
micromorphic media (see Ref. 1). Representations of stress, couple stress,
and heat flux—already given in former papers>*~> —are generalized for the
micromorphic case; a representation of the symmetrical tensor s has been
found.

In the same way as is done in this paper a kinetic theory of materials
of higher degree could be made; the restriction (3.8) can be dropped.
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APPENDIX A

Obviously the following equations hold:

Vo [lvb@-x—ty)di= - O‘di§a<z~x—sy>ds
=8(z—x)—8(z—x—-Y)

Vo [liyda—x—ty)de= —fo‘sdig(z—x—gy)dg
=168 —x~ )l [ '8 —x ~ &) dt

=bz~x—y) - ['o—x-&y)ds (A1)
0
Putting y = R* — R’; z = R* we obtain
g

S(RF—x) -~ 8(RN —x)= ~V, -fo‘(Rk ~RNS[RF —x — gRF - R4t (A2)
SR —x) =V, j()‘gmk — R)S[R* — x — &R — R)] d

+ fo IS(RK — x — £(R* — R))) d¢ (A3)

APPENDIX B

We now want to state the balance laws for a degree 1 medium in their most general form
by dropping assumption (3.8). The calculations are unpleasant but straightforward and of
exactly the same type as those already given in the paper, so we only state the results.

Of course we will keep the definitions (3.3) and (3.4) of microinertia pi and generalized
spin pg, and again we will define the macroscopical gyration tensor » by Eq. (3.5). If this
macroscopical » is not to describe the rotation of the molecules directly via (3.8), we will have
to redefine the internal energy:

pe = < z": (%m(Vk - v)2+a§:‘(%m“[(zk—3) ~Ark"‘:|2+ Uk ))G(Rk —X)> (B.1)

With this new pe equation (3.12) holds without assuming (3.8), so the more general form (B.1)
of the internal energy if motivated.

If we check the calculations for the balance laws, we see that the continuity equation, the
balance of microinertia, and the balance of linear momentum remain unchanged. Even the
balance of generalized spin holds without many changes, only (4.22) and (4.24) do not hold
any more.

Defining pXi® by (4.21) as before, we see that the kinetic flux now splits up into two parts
so that (4.23) has to be rewritten in the following form:

yki"=ﬂ~y_7+ < En: (VE—v) ®(_17_k —g) - ( 2”: moArke ®Ar"'“)8(kk - x)>
- k=1 a=1

= ukin1+ y'kinl

(B.2)
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Equation (4.24) has to be modified as well. Defining a symmetrical tensor
n 14
A= < > (Ek - g) . ( > meAr® ®Ar"“) - (zk - K)S(Rk - x)> (B.3)
k=1 a=1
we obtain the balance of spin:

g;(pg) + Ve (v®pot p M+ p Mk y My =pplp A+ M s+ (B4)
where ﬂi“‘, "t s and [ are defined as before.

Because of the appearance of an additional term in the definition of the internal energy
pe, its balance law gives us more trouble. If we go through the procedure of 4.5 modifying the
calculations where necessary we find

int 8Vm1

dv;
8 8 ki i ki i 7 kin 2
2 + Vpe + g™ + gtt) = (9" 4 0t — (pkin2 4 g
5 (PO + — (Vipe + g™ + g%) = (5" + 1 e (w5 + wii =~

(50 4 ) b ®3)

Here ¢'™, ", /™, ™, and s are defined as before, "2 is given by (B.2) and A by (B.3),
whereas the kinetic flux ¢ and the heat supply 4 had to be redefined by

gkin = <él(v’< - v)(%m(V" —v+ él ( mT [(F-»)- Ark“]z + Uka ))8(R" - x)>

= <k};1 (vk —-v+ El ((zk -2) Ar’“") . f’“‘)&(R" - x)> (B.6)
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